We study the dynamics of dark matter (DM) particle-antiparticle oscillations within the context of asymmetric DM. Oscillations arise due to small DM number-violating Majorana-type mass terms, and can lead to recoupling of annihilation after freeze-out and washout of the DM density. We derive the density matrix equations for DM oscillations and freeze-out from first principles using nonequilibrium field theory, and our results are qualitatively different than in previous studies. DM dynamics exhibits particle-vs-antiparticle "flavor" effects, depending on the interaction type, analogous to neutrino oscillations in a medium. "Flavor-sensitive" DM interactions include scattering or annihilation through a new vector boson, while "flavor-blind" interactions include scattering or s-channel annihilation through a new scalar boson, or annihilation to pairs of bosons. In particular, we find that flavor-sensitive annihilation does not recouple when coherent oscillations begin, and that flavor-blind scattering does not lead to decoherence.
I. INTRODUCTION
accounting for coherence.)
In this work, we derive these density matrix equations from first principles using nonequilibrium field theory. We find important qualitative differences with respect to Ref. [22] : namely, the density matrix structure of the collision term depends crucially the underlying interaction governing DM annihilation. The situation is analogous to the distinction between flavor-sensitive and flavor-blind interactions in the neutrino context, which determines whether scattering does or does not lead to decoherence by "measuring" the flavor of the coherent state. Here, the two "flavors" are particle and antiparticle. The DM interaction is "flavor-blind" or "flavor-sensitive" depending on whether the DM bilinear coupling to lighter states is even or odd under charge conjugation (C). One important consequence is, for the flavor-sensitive case, DM annihilation is not reactivated when oscillations begin, contrary to naïve expectation.
The remainder of this work is organized as follows. In Sec. II, we present the Boltzmannlike density matrix equations describing generic ADM freeze-out and oscillations in the early Universe. (The details of our derivation, using nonequilibrium field theory, are given in the Appendix.) In Sec. III, we present our main results. We discuss the general features of oscillating ADM dynamics, with emphasis on the novel "flavor" effects that emerge from our results compared to previous treatments. We give both numerical and analytical results to illustrate these effects, and we also discuss implications for indirect detection bounds. Our conclusions are summarized in Sec. IV.
II. BOLTZMANN EQUATIONS A. Basic Setup
We consider a DM field X that is either a Dirac fermion or complex scalar, with mass m X . We assume that X carries an approximately conserved charge, corresponding to a U(1) X symmetry, which is broken through a tiny Majorana-type mass term. For fermionic X, the Lagrangian is
where X C = −iγ 2 X * is the charge-conjugated X field. For scalar X, the Lagrangian is
where X C = X † . In Eqs.
(1) and (2) , the interaction L int describes XX or XX † annihilation into lighter states.
The Majorana-type mass term splits the complex X state into two real states with mass m X ± δm, where
Since X and X C are not mass eigenstates for δm = 0, quantum mechanical oscillations occur between X and X C . To describe the dynamics of ADM freeze-out and oscillations, one must generalize the usual Boltzmann treatment [14] to include quantum coherence between particle and antiparticle states, described by the density matrix
The model now appears to be that of two species Ψ 1,2 that mix via flavor off-diagonal mass terms.
In the Appendix, we derive the density matrix equation from first principles using nonequilibrium field theory. For a spatially homogeneous and isotropic expanding Universe, we have (for both fermion and scalar cases)
where H is the Hubble rate. The free Hamiltonian H k can be written at leading order in δm as
with
(The term proportional to the identity ½ is irrelevant for oscillations.)
The collision term C k depends on the interaction L int . We assume that XX annihilates into states ff , where f is a SM or dark sector state. 1 The collision term has two components
with phase space measure dΠ k ≡ d 3 k/ ((2π) 3 2ω k ) and + (−) sign for bosons (fermions), and where f p (f p ) is the f (anti)particle distribution function, with momentum p. Our expression for C k averages over the spin s of X(k), given by the (2s + 1) −1 factor, and sums over spins for all other states. The annihilation term involves the "barred" density matrix
the form for which is derived in the Appendix.
In the density matrix equations, the annihilation and scattering amplitudes become matrices in flavor-space, given by
respectively, where M is the usual matrix element. If Å a,s is proportional to the identity, these interactions are "flavor-blind"; otherwise interactions are "flavor-sensitive." The distinction between flavor-blind and flavor-sensitive turns out to be critically important for oscillating DM. In the absence of coherence (F 12 = F 21 = 0), it is straightforward to see that Eqs. (9) and (10) reproduce the usual Boltzmann collision terms. F 11 (F 22 ) corresponds to the X (X) occupation number, and Å a,s and Å † a,s factor out, giving the usual squared matrix elements |M| 2 . To consider a concrete example, we take X and f to be fermions, coupled through an effective contact interaction
with coupling G X , obtained by integrating out a heavy mediator. The Dirac structure is given by Γ a : scalar
In terms of Ψ, Eq. (13) becomes
where the ± in O ± corresponds to the transformation property of L int under X → X C . Scalar, pseudoscalar, and axial-vector interactions are flavor-blind (+), while vector and tensor interactions are flavor-sensitive (−). The amplitude matrices factorize as
In a more general case with mixed C (e.g.,
where M + (M − ) is the part of the matrix element proportional to g A (g V ).
2 Eq. (16) corresponds to the most general form for the amplitude matrices for any interaction L int . Although our results were derived for a contact interaction (see Appendix), it is straightforward to adapt our results to any L int by using the appropriate matrix elements M a,s . The sign of O ± is determined by M a → ±M a under X → X C . One important example is XX annihilation to light dark sector bosons (which then decay to SM states); this case has O + .
B. Nonrelativistic limit
The density matrix equation can be simplified considerably if X,X are nonrelativistic, as expected during and after freeze-out. The usual prescription in the single flavor case is to integrate the Boltzmann equation and to express everything terms of total number densities. Analogously, we define a "number density matrix"
where the (2s + 1) factor accounts for spin. To evaluate the integrated collision term d 3 k/(2π) 3 C k in terms of n (andn), we take as an ansatz
assuming that the momentum dependence of (F k ) ij can be characterized by a MaxwellBoltzmann factor independent of ij, where n eq ≡ (2s + 1) d 3 k/(2π) 3 exp(−ω k /T ). We expect this ansatz to be valid since the free Hamiltonian, in the nonrelativistic limit, becomes
giving an oscillation frequency ω osc = 2δm that is approximately independent of k,
Moreover, we take a general structure for the amplitude matrices, given in Eq. (16) .
Taking the integral (2s+1) d 3 k/(2π) 3 of Eq. (6), the integrated density matrix equation is
2 To be clear, we emphasize that C = ± does not refer to the C-transformation of L int in the usual sense, where one transforms all fields entering L int under C. Here, C = ± refers to the parity of L int under X → X C , while keeping the other fields untransformed. In this latter sense, we identify C-even (odd)
interactions as corresponding to flavor-blind (sensitive) collisions.
The terms on the right-hand side correspond to oscillations, scattering, and annihilation, respectively. The ± denotes collision terms from flavor-blind (+) and flavor-sensitive (−) interactions, and in general both types contribute. The usual thermally-averaged cross section is σv ≡ σv + + σv − , but the separate C-even ( σv + ) and C-odd ( σv − ) contributions have a different matrix structure in the anticommutator term, due to O ± . There are no O + O − cross terms: the different C amplitudes do not interfere, since a particle-antiparticle wavefunction is an eigenstate of C. The total thermally-averaged elastic scattering rate for Xf ↔ Xf plus Xf ↔ Xf is
No O + O − cross terms arise for f p =f p , which we have assumed in Eq. (21) . Moreover, since O + = ½ commutes with any n, only flavor-sensitive scattering contributes to Eq. (20) .
Next, we define the comoving number density matrix Y ≡ n/s (andȲ ≡n/s) [22] , where s = 2π 2 /45 g * S (T ) T 3 is the entropy density 3 and g * S counts the effective number of relativistic degrees of freedom. We take the notation
, and rewrite Eq. (20) as
where x ≡ m X /T and Y eq ≡ n eq /s. We also denote the X,X comoving number densities as Y X ≡ Y 11 and YX ≡ Y 22 . Eq. (22) is the master Boltzmann equation for oscillating DM. Similar results were presented in Ref. [22] , but do not capture the correct matrix structure of the annihilation and scattering terms, nor the distinction between flavor-blind and flavor-sensitive interactions. These subtleties are qualitatively important in studying oscillating DM.
III. DISCUSSION AND RESULTS
For oscillating DM, freeze-out dynamics and indirect detection signals can depend crucially on whether the interactions responsible for DM annihilation and elastic scattering are flavor-sensitive or flavor-blind. We now discuss these issues in detail. We first consider the annihilation and scattering terms, and then we present numerical and analytical solutions to the density matrix equations which illustrate our discussion. Lastly, we briefly mention implications for indirect detection signals.
A. Annihilation
First, we consider the annihilation term; expanding the anticommutator, we have
The two types of interactions couple very differently to Y ij . However, in the absence of coherence (Y 12 , Y 21 → 0), both interactions give the same (usual) result proportional to Y X YX. The distinction between flavor-blind and flavor-sensitive is only relevant in the presence of coherence.
If oscillations turn on after freeze-out, one naïvely expects annihilation to be reactivated as X oscillates into X C , repopulating X C . This expectation turns out to be false for flavorsensitive annihilation. In this case, annihilation only couples to
As long as DM is coherently oscillating, annihilation is not reactivated.
This result stems from a simple symmetry argument. Annihilation occurs through a two-particle state characterized by spin, spatial, and flavor (i.e., X, X C ) wavefunctions. Moreover, since both X and X C must be present to annihilate, and particle-antiparticle wavefunctions are eigenstates of C, the total wavefunction has eigenvalue
L+S , where L is the total angular momentum, and S is the total spin. Boson (fermion) statistics requires that the total wavefunction be (anti)symmetric. For all choices of L and S, this implies that C-even (odd) interactions have (anti)symmetric flavor wavefunctions, according to the following table.
If oscillations turn on when DM is nonrelativistic, all states precess uniformly (with ω osc ≈ 2δm) and only one pure state is populated, illustrated in Fig. 1 . Therefore, only a symmetric flavor wavefunction can be nonvanishing. Flavor-sensitive annihilation, requiring an antisymmetric flavor wavefunction, remains frozen-out. Once the coherence is broken, DM is no longer a pure state, and annihilation commences. Even in the absence of collisions, decoherence can occur within the thermal DM ensemble. Since DM particles have a thermal distribution in momentum k, different momentum modes can go out of phase, due to k-dependent corrections to the oscillation frequency, given by
This thermal effect breaks the coherence of the ensemble and leads to annihilation. A rigorous treatment of this effect requires, however, solving Eq. (6) for F k directly, which is beyond the scope of this work. The integrated density matrix equation, given in Eq. (22),
corrections to ω osc and does not include this effect. To estimate the time scale when flavor-sensitive annihilation begins, we consider a DM state X k with momentum k. At time t = 0, we have X k (0) = |X , and the state evolves according to X k (t) = cos(ω osc t/2)|X − i sin(ω osc t/2)|X C , neglecting an overall phase exp(−iω k t). An antisymmetric flavor wavefunction can be composed from two states with momentum k, k ′ as follows:
where ∆ω osc ≡ ω osc (k) − ω osc (k ′ ). The wavefunction becomes nonvanishing and annihilation commences for t τ dec , with decoherence time scale τ dec ≡ |∆ω
, where v is the typical DM velocity. Since v ≪ 1 for nonrelativistic DM, the onset of flavor-sensitive annihilation can be significantly delayed compared to when oscillations begin.
B. Elastic scattering
Next, we consider DM elastic scattering with the thermal plasma. For a flavor-sensitive interaction, the scattering term is
which damps Y 12 , Y 21 → 0 and causes decoherence of DM oscillations. Typically, oscillations begin when ω osc ∼ H. However, if Γ − > H, then scattering plays an important dynamical role. At first, when Γ − > ω osc > H, coherent oscilations do not occur due to the quantum Zeno effect. The X asymmetry does not oscillate into X C because flavor-sensitive interactions rapidly "measure" the state to be X before X → X C can occur. ADM does not thaw, and annihilation remains frozen-out. Next, when Γ − ∼ ω osc , the quantum Zeno effect no longer occurs. The pure X state, through oscillations and decoherence from scattering, is reduced to a fully mixed X-X C system (F k ∝ ½). Annihilation commences for ω osc > Γ − .
In the case of a flavor-blind interaction, scattering does not lead to decoherence. Since O + = ½, the scattering term vanishes. 5 This result is known from neutrino physics: purely flavor-blind (i.e. neutral current) iso-momentum ν scattering on nonrelativistic targets does not lead to decoherence. 6 Here, scattering does not measure the state, leaving the wavefunction uncollapsed; coherence is preserved.
For the contact interaction given in Eq. (13), the scattering rate is correlated with the annihilation cross section. For example, for a vector interaction Γ a = γ µ we have
for m f = 0 and where g f counts the f degrees of freedom (e.g. color). Within a more general theory of DM, the scattering and annihilation rates are less correlated. The scattering rate can be suppressed compared to annihilation if the latter is resonantly enhanced or has final states that are heavy (m X > m f m X /20) such that scattering is Boltzmann suppressed during freeze-out; or, scattering can be compartively enhanced if there exists a dark sector thermal bath with many light states to scatter from.
C. Numerical results
From a model-building perspective, ADM oscillations offer an appealing mechanism to allow DM masses at the weak scale, well above the natural ADM mass scale of 5 GeV. If the oscillation parameter satisfies δm ∼ 10 −10 eV × (m X /10 GeV) 2 , then oscillations can begin during the freeze-out epoch, potentially allowing for residual annihilation to deplete the DM density below its asymmetric abundance. Here, we present numerical solutions to the density matrix equations in order to illustrate these dynamics, focusing on the difference between flavor-blind versus flavor-sensitive interactions.
In Fig. 2 , we show the evolution of the DM density for an example case with m X = 300 GeV, δm = 10 −7 eV, and σv = 7.5 pb (assuming s-wave annihilation). We set the scattering rate to be Γ ± ≡ κ G 2 F T 5 [22] , where G F is the Fermi constant and κ is a numerical coefficient.
• Top left: Comparison of the Hubble rate H, oscillation rate ω osc , and scattering rate Γ ± for κ = 10 −4 . Asymmetric freeze-out occurs at x ∼ 20, and without collisions, oscillations turn on when ω osc ∼ H, corresponding to x ∼ 30. With flavor-sensitive scattering, oscillations turn on when ω osc > Γ − due to the quantum Zeno effect. • Top right: Flavor-blind interaction case, with or without scattering. Residual annihilation turns on when oscillations begin 7 , depleting the DM density by O(100). A non-vanishing rate Γ + does not affect the DM evolution.
• Bottom left: Flavor-sensitive interaction case, without scattering (κ = 0). Oscillations turn on at x ∼ 30, but no residual annihilation takes place. The total DM density remains frozen-out at its asymmetric value.
• Bottom right: Flavor-sensitive interaction case, with scattering (κ = 10 −4 ). Scattering quenches oscillations until x ∼ 500. For ω osc > Γ − > H (x 500), rapid oscillations and scatterings cause decoherence, and residual annihilation depletes the DM density by O(10).
The dashed line denotes the initial asymmetric DM charge density η DM ≡ Y X −YX, assumed to be η DM = 8.8 × 10 −11 , equal to the baryon density. The pink band corresponds to the observed DM energy density Ω DM (with ±2σ thickness). Residual annihilation is most efficient for a flavor-blind interaction, giving enough DM washout to reproduce the observed DM density for the parameters chosen here. For a flavorsensitive interaction with scattering, DM washout is reduced since the onset of oscillations is delayed (although significant washout is possible for larger σv ). For a flavor-sensitive interaction with negligible scattering, this mechanism is inoperative, and Ω DM = m X η DM s 0 /ρ c is fixed by the initial asymmetry, where s 0 and ρ c are the present entropy density and critical density respectively. The latter two cases overproduce the DM density.
In Fig. 3 , we show the evolution of the DM density for another example with smaller DM mass: m X = 10 GeV, δm = 10 −10 eV, and σv = 5 pb (assuming s-wave annihilation). The different panels correspond to the separate cases in Fig. 2 . Since DM is lighter, less residual annihilation is required to reproduce the observed DM relic density, occuring here for the flavor-sensitive case with scattering (κ = 10 −4 ). The flavor-blind case gives too much washout, favoring a heavier DM mass and/or smaller σv , while the flavor-sensitive case with no scattering again gives Ω DM = m X η DM s 0 /ρ c .
Similar results were presented in Ref. [22] . We emphasize that for two cases -flavorblind annihilation without scattering (O + , with κ = 0) and flavor-sensitive annihilation with scattering (O − , with κ = 0) -our results agree with theirs (despite differences in how the collision term couples to the components Y ij ). For other cases, our results are qualitatively different and affect the relic DM density by an order of magnitude.
D. Analytical Analysis for Flavor-Sensitive Annihilation
It is possible to demonstrate analytically that flavor-sensitive annihilation is not reactivated by coherent oscillations, confirming our results above. Following Ref. [22] , we express the density matrix equation (22) as a system of coupled differential equations in terms of the variables
For the case of flavor-sensitive annihilation, with negligible scattering, Eq. (22) becomes
We take as the initial condition that the DM densities are frozen-out to their asymmetric values Σ(
, the equation for ∆(x) can be written as
which is satisfied for ∆(x) = η DM cos(δm/H). Through similar arguments, we also have Ξ(x) = iη DM sin(δm/H), and trivially Π(x) = 0. From Eq. (29), the total DM density Σ reaches its asymptotic solution when
neglecting Y eq for x ≫ 1. However, plugging in our solutions, we find that the right-hand side is constant, given by
Even in the presence of oscillations, the total density Σ = Y X + YX remains frozen-out, fixed to its asymmetric freeze-out valueeven though the individual densities
do oscillate as expected. (Setting H = 1/(2t), we obtain the standard oscillation formulae.)
E. Indirect detection
Although annihilation signals are typically quenched in ADM models, they can become reactivated in the presence of DM oscillations. Since large annihilation cross sections are required to deplete the symmetric DM density, the resulting constraints can be important, but are highly dependent on the DM mass and final state channels. A detailed analysis [22] is beyond the scope of this work, and instead we briefly summarize some important points.
Studies of Big Bang nucleosynthesis (BBN) and the cosmic microwave background (CMB) constrain energy injection from DM during their respective epochs [39] , t BBN ∼ 0.1 sec − 1 min and t CMB ∼ 10 5 yr. Indirect detection signals from γ-ray and cosmic ray observations constrain DM annihilation during the present epoch, t 0 ∼ 10 10 yr [40] . For a flavor-blind interaction, annihilation commences when oscillations begin, for t δm −1 . But for a flavorsensitive interaction, annihilation occurs much later, when thermal effects cause decoherence, for t δm −1 /v 2 . In galactic systems (relevant for indirect detection), the typical velocity is v ∼ 10 −3 . During the BBN and CMB epochs, we estimate the DM velocity as
where T kd is the DM kinetic decoupling temperature. Ref. [21] infers strong indirect limits on oscillating ADM by requiring the oscillation time δm −1 be larger than the time scales t BBN , t CMB , t 0 relevant for symmetric DM annihilation constraints. (Clearly, these bounds are model-dependent.) We emphasize that these constraints only apply for flavor-blind annihilation. For flavor-sensitive annihilation, the bounds are weaker by ∼ 6 − 16 orders of magnitude!
IV. CONCLUSIONS
We have studied the impact of DM particle-antiparticle oscillations, generated by a DM number-violating Majorana-type mass, for asymmetric dark matter scenarios. Oscillations erase the DM asymmetry, thereby reactivating annihilation after freeze-out, which can deplete the relic DM density and allow for indirect detection signals. Such Majorana mass terms are a generic feature of any ADM model, greatly expand the ADM model-building possibilities, and provide a natural bridge between symmetric (i.e., WIMP) and asymmetric DM.
Several previous works have considered DM oscillations, within specific models [16] [17] [18] [19] [20] and in more general analyses [21, 22] . Here, we provided the first rigorous derivation (from finite temperature field theory) of the density matrix equation of motion describing DM freeze-out, oscillations, and collisional processes. We showed that oscillating DM exhibits particle-vs-antiparticle "flavor" effects, analogous to similar phenomena in the context of neutrino oscillations in a medium. DM interactions can be "flavor-blind" or "flavor-sensitive" depending on how the interaction transforms under charge-conjugation of the DM field. Flavor-sensitive interactions include DM scattering or annihilation through a new vector boson, while flavor-blind interactions include DM scattering or annihilation through a new scalar boson, or t-channel annihilation to two bosons. Our results agree with those in Ref. [22] for the case of flavor-blind annihilation with flavor-sensitive or no scattering, but for other interactions these flavor effects lead to important qualitative differences.
The interplay of coherent oscillation and decoherence via scattering gives rise to a subtle combination of possible evolutions of ADM once the DM antiparticle state becomes populated. The main new points emphasized in this paper are as follows:
• Once coherent oscillations commence, and the antiparticle becomes repopulated, DM annihilation only occurs via flavor-blind interactions, in the absence of coherence destroying scattering.
• Only flavor-sensitive scattering causes decoherence. If scattering occurs only through flavor-blind interactions, scattering has no effect on ADM evolution.
• If coherence is lost via flavor-sensitive scattering, flavor-sensitive annihilation may proceed. (Flavor-blind annihilation occurs anytime after oscillations begin.)
We presented several arguments and numerical examples to demonstrate these conclusions. There remains a rich phenomenology to explore in the presence of ADM oscillations, which we have only lightly touched on in this work. In particular, over long times coherence can be lost through DM reheating during structure formation or late-time scattering. What is clear is that while the ADM density may be fixed in the Universe by a DM asymmetry, there are a wide variety of scenarios to explore for the DM asymmetry at late times, leading in some cases to indirect detection signals for ADM.
The density matrix F k is defined by the expectation values of creation and annihilation operators, with the appropriate normalization factor:
In Eq. (A4), we have assumed that the X, X C ensemble is rotationally invariant (depending only on k ≡ |k|) and is uncorrelated with respect to spin (hence, δ ss ′ ).
8 Plugging in everything, one finds
where the form ofF k , given in Eq. (11), is fixed by relations in Eq. (A4).
The starting point to obtain the equation of motion for F k is the Schwinger-Dyson equations:
In the CTP formalism, the fermionic Green's functions S and self-energies Σ (evaluated below) are expressed in matrix form as
where each component is a 4 × 4 matrix in Dirac space and a 2 × 2 matrix in flavor space. The time-ordered (Ì) and anti-time-ordered (Ì) Green's functions are
The free propagator S (0) , which we already computed in Eq. (A5), satisfies the free equations of motion
The right-hand side is proportional to the identity in Dirac, flavor, and CTP propagator space. If we act with the Dirac operator on the ≷-component of the Schwinger-Dyson equations (A6), we obtain the Kadanoff-Baym equations:
Taking the Wigner transformation of Eqs. (A10), we obtain
where all S's and Σ's are Wigner-transformed functions of (k,x). We also define S h ≡ S t −St and Σ h ≡ Σ t − Σt. The ✸ operator is defined by
for two arbitrary Wigner-transformed functions A and B. Next, we simplify Eq. (A11) by making a number of assumptions. First, we assume that quantities depend only on the time coordinate t ≡x 0 , assuming spatial homogeneity and isotropy. Second, we adopt a perturbative expansion in the self-energies Σ and the oscillation parameter δm.
9
Working at zeroth order in Σ and δm, Eq. (A11) becomes
From Eq. (A13), it is straight-forward to show that
Taking the sum and difference, we have
scales are: (i) the collisional mean-free-time τ coll , set by the interaction rate, and (ii) the oscillation time τ osc ∼ δm −1 ; the short time scale τ int is corresponds to an "intrinsic" energy scale, set by m −1
We work in the regime τ coll , τ osc ≫ τ int , counting each power of Σ as O(τ int /τ coll ) and each power of δm as O(τ int /τ osc ).
Eq. (A16) implies (for k 0 = 0) that ∂ t S ≷ can be counted as first order in Σ or δm, since it vanishes at zeroth order.
10 Dropping the second order ∂ 
which is satisfied if S ≷ (k, t) is proportional to (k / + m X ). 11 We can implement these constraints explicitly by parametrizing S ≷ as
The four unknown functions g ≷ ± are not all independent. The canonical anticommutation relations 
where C ≡ iγ 2 γ 0 . Taking the solution for S ≷ (k, t), we find that the form ofF k is fixed according to Eq. (11) .
Dynamical evolution of the density matrix occurs at first order in δm and Σ. Taking the difference of Eqs. (A11), and multiplying by −i, we have
The evolution equation for the density matrix, given by Eq. (6), is obtained by taking the following "moment" of Eq. (A22):
10 k 0 = 0 solutions correspond to coherent particle-antiparticle production [37] . We neglect these modes in our analysis. 11 A more general Dirac structure is allowed by Eq. (A17) which parametrizes spin asymmetries [30-34, 37, 41, 42] or spin coherence in the density matrix [27] . Here, we assume DM spins are unpolarized in the early Universe. 12 The term −i Σ ≷ , S h is O(Σ × δm) and can be neglected [26, 27] . Substituting these expressions into Eq. (A22), it is straightforward to show that
with collision term C k given in Eqs. (9) and (10) . In summary, Eq. (A23) has become
Thus far, we have assumed flat spacetime. In an expanding Friedmann-Robertson-Walker (FRW) spacetime, our results remain valid provided we replace physical time t with conformal time η (defined by dt ≡ a dη, where a is the scale factor) and physical momentum k with comoving momentum k co ≡ ka, and we rescale dimensionful parameters by a (e.g., M → aM), as required by a canonically normalized kinetic term [33] . Re-expressing the density matrix equation in terms of physical variables, the left hand side becomes 1 a
with Hubble constant H (the right hand side is unchanged). Incorporating an FRW spacetime thereby amounts to the replacement ∂ t F k → ∂ t F k − Hk ∂ k F k compared to our flat spacetime results. Thus, we obtain the density matrix equation of motion given in Eq. (6).
